Introduction and the main results {#Sec1}
=================================
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Since equation ([1.3](#Equ3){ref-type=""}) is a nonlinear equation, it is difficult to depict $\documentclass[12pt]{minimal}
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In the first place, since we had known the interesting result of \[[@CR1]\] (*i.e.* the nonuniqueness of the weak solution of equation ([1.1](#Equ1){ref-type=""})), we should clarify why the uniqueness of the weak solutions of equation ([1.3](#Equ3){ref-type=""}) can be obtained. Let us introduce some basic functional spaces. For every fixed $\documentclass[12pt]{minimal}
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Basing on these functional spaces, we can give the definition of the weak solution.

Definition 1.1 {#FPar1}
--------------
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The most important of Definition [1.1](#FPar1){ref-type="sec"} lies in $\documentclass[12pt]{minimal}
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Second, we introduce the existence result.

Theorem 1.2 {#FPar2}
-----------
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Last but not least we will prove the following local stability.

Theorem 1.3 {#FPar3}
-----------
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We would like to suggest that, if $\documentclass[12pt]{minimal}
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                \begin{document}$$a(x)|_{x\in\Omega}>0,\qquad a(x)|_{x\in\partial\Omega}=0, $$\end{document}$$ a similar conclusion to Theorem [1.3](#FPar3){ref-type="sec"} is still true. For some special cases, one can see our recent work \[[@CR10]\]. Actually, we had used some ideas of \[[@CR10]\] to prove Theorem [1.3](#FPar3){ref-type="sec"}.

This paper is arranged as follows. In Section [1](#Sec1){ref-type="sec"}, we give the basic definition and introduce the main results. In Section [2](#Sec2){ref-type="sec"}, we prove the existence of the solution to equation ([1.1](#Equ1){ref-type=""}) with initial value ([1.4](#Equ4){ref-type=""}). In Section [3](#Sec3){ref-type="sec"}, we prove Theorem [1.3](#FPar3){ref-type="sec"} and obtain the uniqueness of the solution.

The weak solutions dependent on the initial value {#Sec2}
=================================================

We consider the weak solution of the initial value problem for equation ([1.3](#Equ3){ref-type=""}) in this section. It is supposed that $\documentclass[12pt]{minimal}
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By the results of \[[@CR11], Section 8\], we have the following important lemma.
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                \begin{document}$$ \begin{aligned}[b] &\frac{1}{2} \iint_{Q_{T}} \psi_{t}u_{\varepsilon}^{2} \,dx\,dt - \iint_{Q_{T}} \rho_{\varepsilon}^{\alpha}u_{\varepsilon}\bigl(|\nabla u_{\varepsilon}|^{2}+\varepsilon \bigr)^{\frac{p-2}{2}}\nabla u_{\varepsilon}\cdot\nabla\psi \,dx\,dt \\ &\quad {}- \sum_{i = 1}^{N} \iint_{Q_{T}} b_{i}(u_{\varepsilon}) (u_{\varepsilon x_{i}}\psi + u_{\varepsilon}\psi_{x_{i}})\,dx\,dt + \iint_{Q_{T}}q(x)|u_{\varepsilon}|^{\gamma-1}u_{\varepsilon}\varphi \,dx\,dt \\ &\quad {}+\varepsilon^{\frac{p}{2}}c(\Omega)- \iint_{Q_{T}}\rho_{\varepsilon}^{\alpha}\psi|\nabla u_{\varepsilon}|^{p-2}\nabla u_{\varepsilon }\nabla v\,dx\,dt \\ &\quad {}- \iint_{Q_{T}}\rho_{\varepsilon}^{\alpha}\psi|\nabla v|^{p-2}\nabla (u_{\varepsilon}- v)\,dx\,dt\geq0. \end{aligned} $$\end{document}$$
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                \begin{document}$$ \begin{aligned}[b] &\frac{1}{2} \iint_{Q_{T}} \psi_{t}u_{\varepsilon}^{2} \,dx\,dt - \iint_{Q_{T}} \rho_{\varepsilon}^{\alpha}u_{\varepsilon}\bigl(|\nabla u_{\varepsilon}|^{2}+\varepsilon \bigr)^{\frac{p-2}{2}}\nabla u_{\varepsilon}\cdot\nabla\psi \,dx\,dt \\ &\quad {}- \sum_{i = 1}^{N} \iint_{Q_{T}} b_{i}(u_{\varepsilon}) (u_{\varepsilon x_{i}}\psi + u_{\varepsilon}\psi_{x_{i}})\,dx\,dt + \iint_{Q_{T}}q(x)|u_{\varepsilon}|^{\gamma-1}u_{\varepsilon}\varphi \,dx\,dt \\ &\quad {}+\varepsilon^{\frac{p}{2}}c(\Omega)- \iint_{Q_{T}}\rho_{\varepsilon}^{\alpha}\psi|\nabla u_{\varepsilon}|^{p-2}\nabla u_{\varepsilon }\nabla v\,dx\,dt \\ &\quad {}- \iint_{Q_{T}} \psi\rho^{\alpha} \vert \nabla v \vert ^{p - 2}\nabla v \cdot(\nabla u_{\varepsilon}- \nabla v)\,dx\,dt \\ &\quad {}+ \iint_{Q_{T}} \psi\bigl(\rho^{\alpha}- \rho_{\varepsilon}^{\alpha}\bigr) \vert \nabla v \vert ^{p - 2}\nabla v \cdot(\nabla u_{\varepsilon}- \nabla v)\,dx\,dt \geqslant0. \end{aligned} $$\end{document}$$
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                \begin{document} $$\begin{aligned}& \biggl\vert { \iint_{{Q_{T}}} \psi\bigl(\rho^{\alpha}- \rho_{\varepsilon}^{\alpha}\bigr){{ \vert {\nabla v} \vert }^{p - 2}}\nabla v \cdot(\nabla {u_{\varepsilon}} - \nabla v)\, {d}x\, {d}t} \biggr\vert \\& \quad \leqslant \sup_{(x,t) \in{Q_{T}}} \frac{{ \vert {\psi(\rho^{\alpha}- \rho_{\varepsilon}^{\alpha})} \vert }}{{\rho ^{\alpha}}} \iint_{{Q_{T}}} {\rho^{\alpha}} {{ \vert {\nabla v} \vert }^{p - 1}} \vert {\nabla{u_{\varepsilon}} - \nabla v} \vert \, {d}x \, {d}t \\& \quad \leqslant \sup_{(x,t) \in{Q_{T}}} \frac{{ \vert {\psi(\rho^{\alpha}- \rho_{\varepsilon}^{\alpha})} \vert }}{{\rho ^{\alpha}}} \biggl( \iint_{{Q_{T}}} \rho^{\alpha}{ \vert {\nabla v} \vert }^{p}{\, {d}}x\, {d}t + \iint_{{Q_{T}}} \rho^{\alpha} \vert \nabla v \vert ^{p-1} \vert \nabla{u_{\varepsilon}} \vert \, {d}x\, {d}t\biggr) \end{aligned}$$ \end{document}$$ and by the Hölder inequality $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \iint_{Q_{T}} \rho^{\alpha} \vert \nabla v \vert ^{p - 1} \vert \nabla u_{\varepsilon} \vert \,dx\,dt \\& \quad \leqslant \biggl( \iint_{Q_{T}} \bigl(\rho^{m} \vert \nabla v \vert ^{p - 1}\bigr)^{s}\,dx\,dt\biggr)^{1/s} \cdot\biggl( \iint_{Q_{T}} \bigl(\rho^{n} \vert \nabla u_{\varepsilon} \vert \bigr)^{p}\,dx\,dt\biggr)^{1/p}, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}${\rho^{\alpha}}{ \vert {\nabla u} \vert ^{p}},{\rho^{\alpha}}{ \vert {\nabla v} \vert ^{p}} \in{L^{1}}({Q_{T}})$\end{document}$, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \begin{gathered} \bigl(|\nabla u_{\varepsilon}|^{2}+\varepsilon\bigr)^{\frac{p-2}{2}} \nabla u_{\varepsilon}\\ \quad =|\nabla u_{\varepsilon}|^{p-2}\nabla u_{\varepsilon}+\frac {p-2}{2}\varepsilon \int_{0}^{1}\bigl(|\nabla u_{\varepsilon }|^{2}+ \varepsilon s\bigr)^{\frac{p-4}{2}}\, ds \nabla u_{\varepsilon}, \\ \lim_{\varepsilon\rightarrow0} \iint_{Q_{T}}\frac{p-2}{2}\varepsilon \int_{0}^{1}\bigl(|\nabla u_{\varepsilon}|^{2}+ \varepsilon s\bigr)^{\frac{p-4}{2}}\, ds \nabla u_{\varepsilon}\nabla\psi u_{\varepsilon}\,dx\,dt=0. \end{gathered} \end{aligned}$$ \end{document}$$ Let $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \frac{1}{2} \iint_{Q_{T}} \psi_{t}u^{2}\,dx\,dt - \iint_{Q_{T}} u\vec{\zeta}\cdot\nabla\psi \,dx\,dt - \sum_{i = 1}^{N} \iint_{Q_{T}} b_{i}(u) (u_{x_{i}}\psi + u\psi _{x_{i}})\,dx\,dt \\& \quad {}- \iint_{Q_{T}} \psi\vec{\zeta}\cdot\nabla v\,dx\,dt - \iint_{Q_{T}} \psi\rho^{\alpha} \vert \nabla v \vert ^{p - 2}\nabla v \cdot(\nabla u - \nabla v)\,dx\,dt \\& \quad {}+ \iint_{Q_{T}}q(x)|u|^{\gamma-1}u\varphi \,dx\,dt\geqslant0. \end{aligned}$$ \end{document}$$ Let $\documentclass[12pt]{minimal}
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                \begin{document}$\varphi=\psi u$\end{document}$ in ([2.13](#Equ25){ref-type=""}), we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \iint_{Q_{T}} \psi\vec{\zeta}\cdot\nabla u\, dx\, dt- \frac {1}{2} \iint_{Q_{T}} u^{2}\psi_{t}\, dx\, dt + \iint_{Q_{T}} u\vec{\zeta}\cdot\nabla\psi \,dx\,dt \\& \quad {}+ \sum_{i = 1}^{N} \iint_{Q_{T}} b_{i}(u) (u_{x_{i}}\psi + u\psi _{x_{i}})\,dx\,dt+ \iint_{Q_{T}}q(x)|u|^{\gamma-1}u\psi u \,dx\,dt= 0. \end{aligned}$$ \end{document}$$ Thus $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \iint_{{Q_{T}}} \psi\bigl(\vec{\zeta}- \rho^{\alpha}{ \vert {\nabla v} \vert ^{p - 2}}\nabla v\bigr) \cdot(\nabla u - \nabla v){\, {d}}x\, {d}t \geqslant0. $$\end{document}$$
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                \begin{document}$$\iint_{{Q_{T}}} \psi\bigl[\vec{\zeta}- \rho^{\alpha}{ \bigl\vert \nabla (u - \lambda\varphi_{1} ) \bigr\vert ^{p - 2}}\nabla (u - \lambda\varphi_{1} )\bigr] \cdot \nabla\varphi_{1} \,dx\,dt \geqslant0. $$\end{document}$$ If $\documentclass[12pt]{minimal}
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                \begin{document}$$\iint_{{Q_{T}}} \psi\bigl(\vec{\zeta}- \rho^{\alpha}{ \vert {\nabla u} \vert ^{p - 2}}\nabla u\bigr) \cdot\nabla\varphi_{1} \,dx\,dt\geqslant0. $$\end{document}$$ Moreover, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\iint_{{Q_{T}}} \psi\bigl(\vec{\zeta}- \rho^{\alpha}{ \vert {\nabla u} \vert ^{p - 2}}\nabla u\bigr) \cdot\nabla\varphi_{1} \leqslant0. $$\end{document}$$ Thus $$\documentclass[12pt]{minimal}
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                \begin{document}$$\iint_{{Q_{T}}} \psi\bigl(\vec{\zeta}- \rho^{\alpha}{ \vert {\nabla u} \vert ^{p - 2}}\nabla u\bigr) \cdot\nabla\varphi_{1} \,dx\,dt= 0. $$\end{document}$$ Noticing that $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname{supp}\varphi_{1}$\end{document}$, ([2.14](#Equ26){ref-type=""}) holds.

At same time, we are able to prove ([1.9](#Equ9){ref-type=""}) as in \[[@CR15]\], thus we have Theorem [1.2](#FPar2){ref-type="sec"}.

The uniqueness without the boundary value condition {#Sec3}
===================================================

Lemma 3.1 {#FPar5}
---------
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This is Corollary 2.1 of \[[@CR9]\].

Proof of Theorem [1.3](#FPar3){ref-type="sec"} {#FPar6}
----------------------------------------------

Let *u*, *v* be two solutions of equation ([1.3](#Equ3){ref-type=""}) with the initial values $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \bigl\langle \!\bigl\langle (u-v)_{t}, \chi_{[\tau,s]}(u_{\varepsilon}-v_{\varepsilon}) \xi _{\lambda}\bigr\rangle \!\bigr\rangle \\& \quad = \iint_{Q_{\tau s}}(u_{\varepsilon}-v_{\varepsilon }) \xi_{\lambda}\frac{\partial(u-v)}{\partial t}\,dx\,dt \\& \quad =- \iint_{Q_{\tau s}}\rho^{\alpha}\bigl(|\nabla u|^{p-2} \nabla u-|\nabla v|^{p-2}\nabla v\bigr)\nabla\bigl[(u_{\varepsilon}-v_{\varepsilon}) \xi _{\lambda}\bigr] \,dx\,dt \\& \qquad {}-\sum_{i=1}^{N} \iint_{Q_{\tau s}}\bigl[b_{i}(u)-b_{i}(v)\bigr] \bigl[(u_{\varepsilon }-v_{\varepsilon})\xi_{\lambda}\bigr]_{x_{i}} \,dx\,dt \\& \qquad {}+ \iint_{Q_{\tau s}}q(x) \bigl(|u|^{\gamma-1}u-|v|^{\gamma -1}v \bigr) (u_{\varepsilon}-v_{\varepsilon})\xi_{\lambda}\,dx \,dt, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \!\begin{aligned} &\|\nabla u_{\varepsilon}\|_{p,\Omega_{\lambda}}\leq\|\nabla u\| _{p,\Omega_{\lambda}}, \qquad \|\nabla v_{\varepsilon}\|_{p,\Omega _{\lambda}}\leq\|\nabla v \|_{p,\Omega_{\lambda}}, \\ &u_{\varepsilon }\rightharpoonup u, \qquad v_{\varepsilon}\rightharpoonup v,\quad \text{in } W^{1,p}( \Omega_{\lambda}). \end{aligned} \end{aligned}$$ \end{document}$$

Let us analyze every term in ([3.3](#Equ36){ref-type=""}). For a start, we deal with the first term on the right hand side of ([3.3](#Equ36){ref-type=""}). Since on $\documentclass[12pt]{minimal}
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Now we deal the second term on the right hand side of ([3.3](#Equ36){ref-type=""}). By the Lebesgue dominated convergence theorem and the Hölder inequality $$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1< p\leq2$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p'\geq2$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Again, for the third term on the right hand side of ([3.3](#Equ36){ref-type=""}), $$\documentclass[12pt]{minimal}
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Thus, by the arbitrariness of *τ*, we have $$\documentclass[12pt]{minimal}
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Conclusion {#Sec4}
==========

The equations considered in this paper come from many applied fields such as mechanics, biology, etc. The main points of focus of this paper are two aspects. One is that the weak solution defined in this paper satisfies $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\rho^{\alpha}$\end{document}$ can take place with the usual boundary value condition.
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